Abstract. We study the structure of Frobenius splittings (and generalizations thereof) induced on compatible subvarieties W ⊆ X. In particular, if the compatible splitting comes from a compatible splitting of a divisor on some birational model E ⊆ X ′ − → X (ie, W is a log canonical center), then we show that the divisor corresponding to the splitting on W is bounded below by the divisorial part of the different as studied by Ambro, Kawamata, Kollár, Shokurov, and others. We also show that difference between the divisor associated to the splitting and the divisorial part of the different is largely governed by the (non-)Frobenius splitting of fibers of E − → W . In doing this analysis, we recover an F -canonical bundle formula by reinterpretting techniques common in the theory of Frobenius splittings.
Introduction
This paper explores several questions that show up naturally in the study of Frobenius splittings, and also appear naturally as one compares the theory of F -singularities to the theory of the singularities of the minimal model program.
Question 1.1 (Frobenius splitting perspective). Suppose X is a Frobenius split variety with an F -splitting φ and that W is compatibly φ-split with induced splitting φ W . Now, φ W corresponds to a divisor D on (the normalization of) W .
• What divisor is it?
• Where does it come from?
• How does it vary as the characteristic varies?
This question turns out to be much more subtle when W has codimension at least 2 in X. The case where W has codimension 1 has already been largely answered in [Das15] .
As mentioned, a very closely related question also appears in the comparison of Fsingularities with the singularities of the minimal model program. Let us sketch the situation under some simplifying assumptions.
Suppose that (X, ∆) is a proper log canonical pair and that W ⊆ X is a normal (or minimal for simplicity) log canonical center. Suppose the codimension of W in X is at least 2. Then one would like there to be divisors M W and Diff W (also denoted ∆ W,div ) on W such that (1.1.1)
where (a) Diff W is effective and (W, Diff W ) is log canonical (or in the minimal case, even KLT), and
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(b) M W is semi-ample. While such objects do not exist in general, some weak versions of them do exist, at least on birational models of W , see [Kaw97] , [Kaw98] , [Amb04, Theorem 0.2], [Hac14] , [PS09, Conjecture 7 .13] and [Cor07] . These results are consequences of canonical bundle formulae. We state two relevant results for comparison. The first is itself a version of a related canonical bundle formula (also known as an adjunction formula) and the second is frequently used consequence of such formula in characteristic 0 (and which itself is also an adjunction formula).
Theorem. [Amb04, Theorem 0.2] Let f : X − → Z be a proper morphism between two normal varieties over C with f * O X = O Z . Let (X, ∆ ≥ 0) be a log variety such that K X + ∆ ∼ Q f * L for some Q-Cartier Q-divisor L on X. Suppose that (X, ∆) is KLT near the generic fiber of f . Then we have:
(a) K X + ∆ ∼ Q f * (K Z + Diff Z +M Z ), for some Q-divisors Diff Z and M Z on Z. Theorem. [Kaw97, Kaw98, FG12] Let X be a normal projective variety over C and ∆ ≥ 0 an effective R-divisor such that (X, ∆) is log canonical. Let W be a minimal log canonical center of (X, ∆). Then there exists an effective R-divisor ∆ W ≥ 0 on W such that
and (W, ∆ W ) has KLT singularities.
In [Sch09] , a characteristic p > 0 variant of the second theorem above was shown. Let us discuss this setup in more detail. In characteristic p > 0, the F -singularities analog of log canonical singularities are F -pure singularities and log canonical centers correspond to F -pure centers (which are a generalization of compatibly split subvarieties). For instance, every log canonical center becomes an F -pure center at least in an ambient F -pure pair. Relevant for us, in characteristic p > 0, if (X, ∆) is sharply F -pure and the index of K X + ∆ is not divisible by p, then if W ⊆ X is a normal F -pure center, there is a canonically determined effective divisor ∆ W,F -diff on W such that
where (a') (W, ∆ W,F -diff ) is F -pure and if W is minimal, (W, ∆ W,F -diff ) is strongly F -regular (an analog of KLT singularities). Note in this case there doesn't initially appear to be a moduli part, there is a single effective divisor. Regardless, because of (1.1.2), it might also be natural to expect that there is a Frobenius-version of the canonical bundle formula lurking behind the scenes. This is exactly what we will show.
Another way to phrase our initial question is:
Question 1.2 (Singularities of the MMP perspective). Suppose that (X, ∆) is a sharply F -pure pair and W ⊆ X is a normal F -pure center. Consider ∆ W,F -diff the F -different on W .
• How does ∆ F -diff compare with Diff W and M W ?
Our first result is:
Theorem A. [Corollary 4.4] Suppose that (X, ∆) is a sharply F -pure (and hence log canonical) pair and W ⊆ X is a log canonical center (and hence an F -pure center). Let ν : W N − → W be the normalization of W and let Diff W N = ∆ W N ,div and ∆ W N ,F -diff be the different and F -different respectively. Then
It then becomes very natural to study the difference ∆ W N ,F -diff − Diff W which should be viewed as some characteristic p > 0 analog of the moduli part of the different. Already we know it is an effective divisor.
In characteristic zero, M W , the moduli part of the different comes from analyzing a family. Consider the following situation. Let (X ′ , ∆ ′ ) π − → (X, ∆) be a birational model of X with K X ′ + ∆ ′ = π * (K X + ∆), such that ∆ ′ ≥ 0 and E is a normal prime Weil divisor with discrepancy −1 such that π(E) = W . Then π E : E − → W can be viewed as a family, indeed a flat family if W is a curve. Note E has coefficient 1 in ∆ ′ , and so since K X ′ + ∆ ′ is pulled back from the base, if ∆ E is the ordinary different of K X ′ + ∆ ′ on E (in particular, (K X ′ + ∆ ′ )| E = K E + ∆ E ), then K E + ∆ E ∼ Q,π E 0. It is then natural to try to study the moduli part of the different via a canonical bundle formula, i.e., find a divisor ∆ W ≥ 0 such that π * E (K W + ∆ W ) ∼ Q K E + ∆ E . It turns out that using a simple method coming from the origins of Frobenius splitting theory, we obtain a canonical bundle formula in characteristic p > 0.
Theorem B. [Theorem 5.2, Corollary 5.14] Suppose that π : E − → W is a proper map between normal F -finite integral schemes with π * O E = O W . Suppose also that ∆ ≥ 0 is a Qdivisor on E such that (p e −1)(K E +∆) is linearly equivalent to the pullback of some Cartier divisor on W . Suppose that the generic fiber of (E, ∆) over W is Frobenius split. Then there exists a canonically determined Q-divisor
Furthermore, we can describe the support of ∆ W as follows. Assume that W is 1-dimensional (which we may certainly do if we just care about the support of ∆ W ) and that ∆ vert is the vertical part of ∆. If additionally the fibers of π are geometrically normal, then π * ∆ W − ∆ vert is nonzero precisely over those points t ∈ W where the fiber (E t , ∆ t ) is not Frobenius split.
Indeed, we also obtain versions of the above result which hold when ∆ is not necessarily effective, see Corollary 5.4. In some cases, we also obtain results on the singularities of (W, ∆ W ), see Remark 5.5. It also follows that the ∆ W we construct is essentially the one obtained in (1.1.2) when W is an F -pure center that is also a log canonical center and E − → W a divisor with discrepancy −1 mapping to W , see Corollary 5.6. Remark 1.3. For those coming from the Frobenius splitting perspective, this result can be specialized follows. Suppose X is Frobenius split and the splitting extends to a resolution of singularities X ′ − → X, and there is a compatibly split divisor E ⊆ X ′ mapping to the necessarily compatibly split W ⊆ X. Then the splitting on W , and the corresponding divisor on W , is largely governed by the fibers of E − → W which are not Frobenius split (in a way somewhat compatible with the splitting of X ′ ).
In characteristic p > 5, if X is 3-dimensional, (X, ∆) is sharply F -pure and W is a 1-dimensional minimal log canonical center, then we can obtain E − → W satisfying the first part of the above theorem via the MMP [HX15, Bir13, BW14] . In some cases, it is also possible to reduce to the case of integral fibers by employing base change, semi-stable reduction and results on M 0,n (see [DH15, Theorem 4.8] ). This gives us a precise way to describe the F -different, see Algorithm 5.15 for details.
We also tackle the question of how the F -different behaves as the characteristic varies. To do this, we first need to assume the weak ordinarity conjecture (which implies that log canonical singularities become F -pure after reduction to characteristic p > 0 [MS11, Tak13] ).
Theorem C. [Theorem 6.2] Let (X, ∆ ≥ 0) be a normal pair in characteristic zero with (p e − 1)(K X + ∆) Cartier for some e > 0, and W a normal LC-center of (X, ∆). Assume that the b-divisor K + ∆ div descends to W ; 1 and in particular K W + ∆ W,div is Q-Cartier. We consider the behavior of (X p , ∆ p ) after reduction to characteristic p ≫ 0.
Assume the weak ordinarity conjecture. Let Q ∈ W be a point which is not the generic point of W . Then there exist infinitely many primes
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Preliminaries
Convention 2.1. Throughout this article, all schemes are assumed to be separated and excellent. All schemes in characteristic zero are of essentially finite type over a field. All schemes in characteristic p > 0 are assumed to be F -finite. Whenever we deal with a pair (X, ∆), it is assumed that X is normal and that K X + ∆ is Q-Cartier, unless specified otherwise. If X is an integral scheme, by K(X) we mean either the field of rational functions of X and also the constant sheaf of rational functions on X, depending on the context. Whenever π : X ′ − → X is a proper birational map of normal integral schemes, we always choose K X ′ and K X such that π * K X ′ = K X (in other words, we implicitly fix the canonical b-divisor).
2.1. Maps and Q-divisors. Suppose that X is an F -finite normal integral scheme. Given a nonzero map φ :
, and hence φ corresponds to an effective divisor linearly equivalent to (1 − p e )K X .
• We use D φ to denote this effective divisor corresponding to φ.
• We write ∆ φ := 1 p e −1 D φ and note that ∆ φ ∼ Q −K X . It is easy to see that this process can be reversed. Given an effective divisor ∆ such that O X ((1 − p e )(K X + ∆)) ∼ = O X , one obtains a nonzero map φ = φ e ∆ with ∆ φ = ∆. The choice of φ is also unique up to pre-multiplication by units of Γ(X, O X ). One can also form the self-composition of φ =: φ e . For instance φ 2e = φ e • (F e * φ e ) ∈ Hom(F 2e * O X , O X ) and φ ne = φ e • (F e * φ (n−1)e ) = φ 2e • (F 2e * φ (n−2)e ) = . . .. It is not difficult to check that ∆ φ = ∆ φ 2 = ∆ φ 3 = . . .. For additional discussion of this correspondence between maps and divisors, see [BS13, Section 4] . Now suppose that L is an arbitrary line bundle on the F -finite normal integral scheme X. Then using the same argument, a map φ : 
we obtain a map φ ∆ : F e * L − → O X . 2.1.1. Maps and non-effective Q-divisors. We now recall how to interpret non-effective ∆. The main idea is that we are still given a map from F e * L but that the image need not be in O X , it might be in some fractional ideal in K(X). Indeed, suppose we are given an O X -linear map φ : F e * L − → K(X). Then it is easy to see (at least locally) that for some
where G is some effective Weil divisor supported where ∆ φ is not effective. Indeed, simply reflexify φ(F e * L ). Lemma 2.3. With notations as above, ∆ φ is independent of the choice of E.
Proof. Suppose that E 1 , E 2 are two effective Cartier divisors with φ(F e * L ((1 − p e )E i )) ⊆ O X . Without loss of generality, we may assume that E 1 ≤ E 2 . Then we have the following composition
The map ψ yields ∆ 1 = ∆ ψ − E 1 and the composition yields ∆ 2 = ∆ µ − E 2 . On the other hand, straightforward local computation shows that
With notation as above, suppose that we fix an embedding L ⊆ K(X). Then our map φ = φ e : F e * L − → K(X) yields a map φ e : F e * K(X) − → K(X). We can then form
Lemma 2.4. With notations as above, 
respectively. We know ∆ ′e − E =: ∆ φ e and also that ∆ ′ne − E =: ∆ φ ne . But ∆ ′ne = ∆ ′e since they correspond to compositions of the same map (see [BS13, Lemma 4.1.2] and [Sch09, Theorem 3.11]). The conclusion follows.
2.2. p −e -linear maps and base extension. The following subsection is only utilized briefly in Algorithm 5.15 and can be skipped on a first reading.
We start this subsection by summarizing some results from [ST14] . Suppose that f : Z − → W is a finite dominant map of normal F -finite integral schemes and
be a nonzero map between the fraction fields of Z and W respectively. Using an argument similar to that above, the map T| f * O Z gives us a Weil divisor R T which should be thought of as a type ramification divisor. If f is separable, then we typically assume that T is the field trace in which case R T is exactly the usual ramification divisor.
Lemma 2.5. With notation as above, fix a divisor
Part (b) follows from viewing the restriction T| f * O Z as a rational section of the sheaf
In the case that all divisors ∆ W and ∆ Z are effective, part (c) is simply [ST14, Theorem 5.7] . But by the sort of twistings applied in Section 2.1.1, one easily reduces to the effective case and the result follows.
With notation as above, suppose that ∆ W is effective, or in other words that we are given a map
We immediately see that ∆ Z = f * ∆ W − R T is not necessarily effective (even when f is separable, T is the trace map and so R T is the ramification divisor). Now consider
and notice that if it so happens that (1 − p e )R T is Cartier, then we can always restrict
) and obtain a map corresponding to f * ∆ W ,
Observe that the image is contained in O Z since f * ∆ W is an effective divisor. Now for simplicity suppose that
We apply this in the following setting.
Proposition 2.6. Suppose that π : X − → C is a finite type flat family with geometrically integral generic fiber and X normal over a regular integral
Proof. We begin by analyzing this at the level of function fields.
We have K(C) ⊆ K(X) a geometrically integral (and hence purely transcendental) finitely generated extension of fields. Consider the map T : K(D) − → K(C). We tensor with K(X) and obtain:
defining the map T Y /X . It clearly extends T proving the first part of (a). In the case that We now turn to the statement that
we are done (please forgive the slight abuse of notation where we left off some necessary pushforwards and sheafy inverse images). This finishes the proof of (a).
Now we handle the statement in (b) involving the map φ C :
We take the T-transpose φ D of φ C and the T Y /X -transpose φ Y of φ X . We need only to verify that φ Y extends φ D at the level of field of fractions. Since T = Tr D/C is the field trace, by [ST14, Lemma 3.3, Proposition 4.1] we see that
Remark 2.7. It would be natural to try to remove the hypothesis that K(C) ⊆ K(D) is separable in (b) above. We do not see how to do that however.
2.3. Singularities. Suppose that (X, ∆) is a pair with X an integral F -finite scheme, ∆ a Q-divisor, and K X + ∆ Q-Cartier (we do not assume that ∆ ≥ 0). Definition 2.8 (Log canonical singularities). We say that (X, ∆) is sub-log canonical if for any proper birational map π : Y − → X from a normal scheme Y , the coefficients of K Y − π * (K X + ∆) are all ≥ −1. We say that (X, ∆) is log canonical if it is sub-log canonical and ∆ ≥ 0.
Definition 2.9 (F -pure singularities). Suppose further that p does not divide the index of K X + ∆. We say that (X, ∆) is sub-F -pure if for all sufficiently divisible e > 0 we have
Here φ e ∆ is the map corresponding to ∆ as in Section 2.1. We say that (X, ∆) is F -pure if it is sub-F -pure and ∆ ≥ 0. In this case φ e ∆ : F e * O X ((1 − p e )(K X + ∆)) ։ O X surjects. More generally, if (X, ∆) is F -pure and I ⊆ O X is an ideal sheaf and t ≥ 0 is any real number, then we say that (X, ∆, I t ) is sharply F -pure if
surjects for any (equivalently all sufficiently divisible cf. the argument of Lemma 2.11 below) e > 0. In this setting, the F -pure threshold of (X, ∆, I), denoted fpt(X, ∆, I), is defined to
Remark 2.10. In [Tak13], Takagi gave a slightly different definition of F -pure pairs for noneffective divisors ∆. We believe that these two notions are indeed distinct, but we are unsure which is better in general. The notion we work with in this paper is harder to satisfy, but we do not know if it corresponds to sub-log canonicity even assuming the weak ordinarity conjecture [MS11] .
Lemma 2.11. Using the notations of Definition 2.9, suppose that
for some e > 0. Then for all integers n ≥ 1,
Unlike the case where ∆ is effective, it is not clear to us whether (X, ∆) being sub-F -pure implies that φ e ∆ has O X in its image for all e such that (p e − 1)(K X + ∆) is Q-Cartier. The problem is that φ 2e ∆ doesn't factor through φ e ∆ when ∆ is non-effective. However, when X is normal and 1-dimensional, this is not an issue.
Lemma 2.12. Suppose that X is normal and 1-dimensional and (X, ∆) is sub-F -pure. Then for every e > 0 such that (p e − 1)(K X + ∆) is Q-Cartier, we have that O X is in the image of φ e ∆ . Proof. The statement is obviously local so we may assume that X is the spectrum of a DVR and Q is the unique closed point of X. Write ∆ = λQ. We leave it as an exercise to the reader to check that φ e ∆ has O X in its image if and only if λ ≤ 1. We now explain briefly the relation between F -pure and log canonical singularities through several lemmas and corollaries.
Lemma 2.13. Suppose we are given φ :
Here K X,E is the canonical divisor on Spec O X,E coming from the uniquely determined b-divisor we selected implicitly when we fixed K X .
Proof. This is essentially in [HW02, Main Theorem] using different language, other proofs can be found in [BS13, Section 7.2]. We briefly sketch the argument. Choose π : Y − → X a proper birational map from a normal Y such that O X,E appears as the generic point of some divisor E ⊆ Y . We first extend φ to F e * K(X) = F e * K(Y ), and
and hence
However, the divisor ∆ Y induced from φ Y obviously agrees with ∆ X wherever π is an isomorphism. The result follows by localization.
We next verify that sub-log canonical and sub-F -pure are the same for valuation rings.
Lemma 2.14. Suppose that R ⊆ K(X) is a discrete valuation ring with parameter t ∈ R.
is sub-log canonical if and only if it is sub-F -pure.
Proof. To say that (Spec R, ∆ φ ) is sub-log canonical is simply to assert that
* ut a ) for some unit u ∈ R and some a ∈ Z. It follows that ∆ φ = a p e −1 div(t). On the other hand, it is easy to see that Image(φ) ⊇ O X if and only if a ≤ p e − 1. This proves the lemma.
Combining the previous two results, we immediately have the following. This was first shown in [HW02, Main Theorem] although they assumed that ∆ is effective.
Corollary 2.15. If (X, ∆) is a pair with (p e − 1)(K X + ∆) Q-Cartier, and (X, ∆) is sub-F -pure, then (X, ∆) is sub-log canonical.
Proof. This is easy, if φ : F e * L − → K(X) corresponds to ∆ and φ(F e * L ) ⊇ O X , then, abusing notation and extending φ to the fraction field, obviously 1
The previous two lemmas immediately imply that the discrepancy divisor along all such valuations is ≥ −1 and the result follows.
2.4. Global F -splittings. Throughout this subsection, we suppose that (X, ∆) is a pair and (p e − 1)(K X + ∆) is Cartier.
Definition 2.16 (Global F -splitting). If ∆ ≥ 0, we say that (X, ∆) is globally F-split if the map induced by ∆ is surjective on global sections
Note that this implies that (X, ∆) is F -pure and hence sub-F -pure.
For an arbitrary ∆, we say that (X, ∆) is globally sub-F -split if image of
for some e > 0 contains 1 (and hence its image globally generates a rank-1-module containing O X , and thus (X, ∆) is sub-F -pure).
We will frequently be interested in splitting relatively, see [SS10, HX15] .
Definition 2.17 (Relative F -splitting). Suppose that π : X − → Z is a map of schemes. We say that a pair (X, ∆) is globally F-split relative to π (or over Z) if there is an open cover
Likewise we say that (X, ∆) is globally sub-F -split relative to π if there is an open cover
2.5. Log canonical and F -pure centers. We recall certain distinguished subvarieties of log canonical (respectively F -pure) pairs, the LC centers (respectively F -pure centers).
Definition 2.18 (LC centers). Suppose that (X, ∆) is a pair. We say that an integral subscheme Z ⊆ X is a log canonical center of (X, ∆) if (a) ∆ is effective at the generic point Q of Z, (b) (X, ∆) is log canonical at the generic point Q of Z, (c) There exists a proper birational map π :
Definition 2.19 (F -pure centers). Suppose that (X, ∆) is a pair in characteristic p > 0 with (1 − p e )(K X + ∆) Cartier. Say that ∆ corresponds to some map φ :
. We note that the choice of map φ does not change whether or not a particular Z is an F -pure center since different maps correspond to the same divisor if and only if the maps are the same up to multiplication by a unit.
We recall the following result about F -pure centers, see [Sch10, Lemmas 3.6 and 3.7] for the case when ∆ is effective.
Lemma 2.20. Being an F -pure center is a local condition. In other words, Z is an F -pure center of (X, ∆) if and only if V (QO X,Q ) ⊆ Spec O X,Q is an F -pure center of (Spec O X,Q , ∆| Spec O X,Q ), where Q is the generic point of Z.
Proof. Conditions (a) and (b) of Definition 2.19 are certainly equivalent for either case. Now, if Z is an F -pure center of (X, ∆), then V (QO X,Q ) is also an F -pure center by localization. On the other hand
Remark 2.21. The above definition differs in several ways from the one given in [Sch10] . One notable way is that we do not assume that ∆ ≥ 0 (we also make several simplifying assumptions).
Remark 2.22. Part (c) for either definition (2.18 and 2.19) can also be interpreted as follows (also assuming resolution of singularities for 2.18): For any Cartier divisor H > 0 passing through the generic point Q of Z, (X, ∆ + tH) is not sub-log canonical at Q (respectively not sub-F -pure at Q) for any t > 0.
Lemma 2.23. Suppose that X is an F -finite normal integral scheme of characteristic p > 0 and that ∆ is a Q-divisor such that (p e − 1)(K X + ∆) is Cartier and ∆ satisfies conditions (a) and (b) from Definition 2.19. Then if Z ⊆ X is a log canonical center of (X, ∆), then Z is also an F -pure center.
Proof. In the case that ∆ ≥ 0, this follows from [Sch10] . However, by localizing at the generic point of Z, we may assume that ∆ ≥ 0.
2.6. The different and divisorial part thereof.
Definition 2.24. [Kol13, Chapter 4] Let (X, S + ∆) be a log pair, i.e., X is a normal integral scheme, K X + S + ∆ is Q-Cartier, S is a reduced divisor and ∆ is a Q-divisor with no common components with S. Let S N − → S be the normalization of S. There exists a canonically determined Definition 2.25. Let f : X − → Z be a surjective proper morphism between two normal integral schemes and suppose
and L is a Q-Cartier Q-divisor on Z. Suppose (X, ∆) is sub-log canonical over a neighborhood of the generic point of Z, i.e., (f −1 U, ∆| f −1 U ) is sub-log canonical for some Zariski dense open subset U ⊂ Z. Then we define two divisors ∆ div and ∆ mod on Z in the following way:
where Q ⊂ Z are prime Weil divisors of Z, and
) is sub-log canonical over a neighborhood of the generic point η Q of Q ,
The divisor ∆ div is called the divisorial part of the adjunction and ∆ mod the moduli part.
Remark 2.26 (Is ∆ div an honest divisor?). We do not know whether ∆ div is an honest divisor in general (the right hand side of ∆ div could be an infinite sum). However if we are working with varieties in characteristic 0, it is not hard to see that ∆ div is in fact a finite sum. Indeed, by replacing X with a log resolution of (X, ∆) we may assume that (X, ∆) is a SNC pair (since obviously the definition of ∆ div is independent of any birational modification of X). 
is the scheme theoretic intersection of ∆ i and f * (η Q ). Therefore ∆ i intersects f * (η Q ) transversally. Let U be the intersection of all such open sets U i corresponding to all components ∆ i of ∆ h , and V = U \ f (Supp(∆ v )). Then for any prime Weil divisor Q of Z such that η Q ∈ V , ∆ + f * (η Q ) is a SNC divisor; in particular (X, ∆ + f * (η Q )) is LC over η Q . Therefore c Q = 1 for all η Q ∈ V , and the right hand side of ∆ div is a finite sum.
This proof fails in characteristic p > 0 because resolutions of singularities are not known to exist and even worse, generic smoothness is known to fail. However with an additional hypothesis (which appears frequently for us, see Proposition 4.1 and the results immediately following it) we can show that ∆ div is a finite sum in char p > 0.
Lemma 2.27. With the same hypothesis as Definition 2.25, assume additionally that all schemes are F -finite and of characteristic p > 0. Further assume that (p e − 1)L and (p e − 1)(K X + ∆) are Cartier and that
corresponding to ∆ as in Section 2.1.1. Now assume that
Let ∆ Z denote the divisor on Z corresponding to the induced φ Z :
While we phrased this in a somewhat funny way involving f −1 and L, the requirement
of Lemma 2.27 should be thought of as requiring that φ ∆ : F e * K(X) − → K(X) restricts to a nonzero and hence surjective map F e * K(Z) − → K(Z). We used f −1 and not f * because we do not want to tensor up to sheaves of O X -modules.
Proof. First we show that ∆ div ≤ ∆ Z . This is local on Z so we assume that Z is the spectrum of a DVR with parameter x and that z ∈ Z is the unique closed point. For any rational λ, we consider the condition that (Z, ∆ + λz) is sub-F -pure, which means that
has 1 in its image for sufficiently divisible e > 0. But then since φ Z extends to φ ∆ we see that
also has 1 in its image. Hence (X, ∆ + λf * z) is also sub-F -pure and thus also sub-log canonical by Corollary 2.15. It follows that
If we write ∆ Z = az, then sup{c ∈ R | (Z, ∆ Z +cz) is sub-F -pure} = 1−a. Hence c z ≥ 1−a and so 1 − c z ≤ a. This proves the inequality ∆ div ≤ ∆ Z . For the statement that ∆ div is actually a divisor we can no longer assume that Z is the spectrum of a DVR. Since ∆ div ≤ ∆ Z , we just need to show that ∆ div can have at most finitely many components with negative coefficients.
Claim 2.28. If Q is a point of codimension 1 in Z and coeff Q (∆ div ) < 0, then ∆ v has a component whose generic point maps to Q.
Proof of claim. By hypothesis, there exists a real number c > 1 such that (X, ∆ + cf * (η Q )) is sub-log canonical over a neighborhood of Q. Let E be an irreducible component in
The claim proves the lemma since ∆ has only finitely many components. Now suppose that W ⊆ X is a log canonical center of (X, ∆). For any proper birational map W ′ − → W with W ′ normal, we can find a proper birational map π : X ′ − → X such that there exists a divisor E ⊆ X with:
(a) π(E) = W (b) π| E factors through W ′ − → W (c) the discrepancy along E is equal to -1. Definition 2.29. The divisorial part of the different on W ′ − → W ⊆ X, relative to E, denoted by ∆ W ′ ,E,div (or simply by ∆ W ′ ,div if E is implicit), is defined to be the divisorial part of the adjunction of E − → W ′ defined as in Definition 2.25.
Remark 2.30. While it is clear that ∆ W ′ ,E,div only depends on the valuation of E (and not the particular choice of X ′ ), we do not know that it is independent of the choice of E ⊆ X ′ in general. It is because of this that we include E in the definition and notation for the divisorial part of the different. Note that in characteristic p > 5, if dim X ≤ 3, then by [DH15, Lemma 4.10] we know that ∆ W ′ ,E,div is independent of the choice of E in certain cases. We also believe this is true in higher dimensions in characteristic zero by a similar method. Unfortunately we do not know of a reference and we feel that proving it here would take us away from our focus (characteristic p > 0). On the other hand we will see in Section 5 that the F -different can be deduced via a version of a canonical bundle formula for E − → W ′ , see Corollary 5.6. However, because it can also be obtained independently from E, the F -different is independent of the choice of E.
Remark 2.31. Let σ : Z ′ − → Z be a birational morphism with Z ′ normal and X ′ the normalization of the component of X × Z Z ′ dominating Z ′ so that X ′ − → X is birational.
(2.31.1)
We can then define the divisorial part of the adjunction ∆ Z ′ ,div for X ′ − → Z ′ . It is clear that σ * ∆ Z ′ ,div = ∆ Z,div since at points where σ is an isomorphism, there is nothing to do. Therefore we can define ∆ div the b-divisor over Z picking out ∆ Z ′ ,div .
We finally discuss a notion of descent.
Definition 2.32. Suppose that Z is a normal integral scheme and D is a b-divisor over Z. For a proper birational map Z ′ − → Z, we say that D descends to Z ′ (as a Q-Cartier divisor) if D Z ′ is Q-Cartier and for every further birational µ :
And we recall the following result of Ambro.
Lemma 2.33. [Amb99, Hac14] Suppose that Z is an log canonical center of (X, ∆) relative to E and that X is a variety of characteristic zero. Then there exists a proper birational map Z ′ − → Z with Z ′ normal such that the b-divisor K Z + ∆ div descends to Z ′ as a Q-Cartier divisor.
2.7. The F -different. Now we define the F -different, the primary object of study in this paper. Suppose that (X, ∆) is a pair with (p e − 1)(K X + ∆) Cartier. Suppose that W ⊆ X is an F -pure center and µ : [MS12] for more discussion on the divisorial interpretation of this extension).
Definition 2.34 (The F -different). The F -different of (X, ∆) on W N is defined to be the divisor ∆ W N ,F -diff := ∆ W N corresponding to φ W N . More generally, for any birational map κ :
Remark 2.35. Even though the F -different is a b-divisor, the sum of the two b-divisors K + ∆ F -diff is in fact Q-Cartier and descends down to any W ′ . Indeed for any birational ρ :
In summary K + ∆ F -diff descends all the way to W N .
A brief description of computing the F -different and an example
We begin by a description of an algorithm for computing the F -different in explicit examples.
Lemma 3.1. Suppose that Y = A n = Spec S = Spec k[x 1 , . . . , x n ] and Spec S/I = X ⊆ Y is a closed normal subscheme. Fix ∆ ≥ 0 a Q-divisor on X such that (p e − 1)(K X + ∆) is a Cartier divisor for some positive integer e > 0. Suppose Z = Spec S/J ⊆ X is an F -pure center of (X, ∆). Then
Using the isomorphism of (b), F e * f yields an induced section
Furthermore, suppose that (p e − 1)K Z ∼ 0 and so write J [p e ] : J = g e + J [p e ] . Then f = hg e + g with g ∈ J [p e ] . In this case the F -different is Proof. The fact that ∆ corresponds to f is simply Fedder's criterion [Fed83, Lemma 1.6]. This f induces a divisor ∆ Y on Y such that (X, ∆) is an F -pure center of (Y, ∆ Y ). For (b), we use the Fedder-type criterion for F -pure centers [Sch10, Proposition 3.11]. For the final statement, we observe that g e corresponds to the generating homomorphism Φ Z of Hom(F e * S/J, S/J), see [Sch09] . We see that f corresponds to pre-multiplying the generating homomorphism Φ Z by h. The statement about the different follows.
The following example was first worked out in 2010 by the second author, David Speyer and Chenyang Xu.
Example 3.2. Suppose that f : X − → Spec k[t] = A 1 is a family of cones over elliptic curves defined by a = zy 2 − x(x − z)(x − tz) with a section γ : A 1 − → X mapping to the cone points. Further consider the log resolution π : X − → X which is obtained by blowing up the image of γ (which we now call Z). Finally note that X is F -pure at the generic point of Z by Fedder's criterion [Fed83] .
Note X is Gorenstein since it is a hypersurface, and set ∆ = 0. It then follows that Z is a log canonical center of (X, ∆) and hence an F -pure center of (X, ∆).
Claim 3.3. The F -different ∆ Z on Z = V (x, y, z) ⊂ X is supported at exactly those points (0, 0, 0, s) ∈ Z such that the elliptic curve corresponding to f −1 (s) is supersingular, where
We will prove this claim by two different methods. First by direct computation of polynomials.
Proof #1 of Claim 3.3. We write
where G(x, y, z, t) ∈ x p , y p , z p . This gives us an alternate proof that Z = V (x, y, z) is an F -pure center again by [Sch10, Proposition 3.11]. We first compute the F -different via Lemma 3.1. Note that the map F * O X − → O X corresponding to ∆ lifts to a map φ A 4 : F * k[x, y, z, t] − → k[x, y, z, t] compatible with X ⊆ A 4 = Spec k[x, y, z, t], namely take the generating map Φ ∈ Hom k[x,y,z,t] (F * k[x, y, z, t], k[x, y, z, t]) on A 4 and pre-multiply by a p−1 = f . We notice that g 1 = x p−1 y p−1 z p−1 (here g 1 = g e is defined as in the statement of Lemma 3.1). Thus the F -different is simply 1 p−1 div Z (h(t)) by Lemma 3.1. Note that h(t) is the Hasse polynomial, which vanishes exactly at those t values where the associated elliptic curve is supersingular.
Proof #2 of Claim 3.3. Now we study the F -different via geometry, in a way which will be similar to what we will do in later sections. Note that (X, div X (t − λ)) has a log canonical center at Q = (x, y, z, t − λ). Furthermore, by blowing up X at the inverse image C λ of that point Q, one obtains a log resolution µ : X ′ − → X with two exceptional divisors, E 1 dominating Z and E 2 dominating Q. Both of these exceptional divisors have discrepancy −1 with respect to the pair (X, 1 · div X (t − λ)).
Claim 3.4. If (X, 1 · div X (t − λ)) is F -pure, the exceptional divisor E 2 is F -split.
Proof. Write φ X : F e * O X (1 − p e )(K X + div X (t − λ)) − → O X corresponding to the divisor 1 · div X (t − λ). This map is surjective by hypothesis. Since all the discrepancies on X are non-positive, this map extends to a map
Note µ * of φ X ′ is φ X and so φ X ′ is also surjective, even on global sections (since 1 is in the image along the global sections). Since E 2 has discrepancy −1, φ X ′ is compatible with E 2 and so by the argument and diagram of (2.33.1), we obtain a map
by restriction. This map also has 1 in its image among global sections, and hence E 2 is Frobenius split. This proves Claim 3.4.
The Claim 3.4 implies that the associated elliptic curve is also F -split since E 2 maps onto the elliptic curve ρ : E 2 − → C λ with ρ * O E 2 = O C λ , see [MR85, BK05] .
By F -adjunction (X, 1 · div X (t − λ)) is F -pure (in a neighborhood of Z) if and only if (Z, ∆ Z + div Z (t − λ)) is F -pure. The latter is F -pure at the closed point V (t − λ) ⊆ Z if and only if ∆ Z does not have div Z (t − λ) in its support. Putting this together, if ∆ Z does not have div Z (t − λ) in its support, then (X, 1 · div X (t − λ)) is F -pure, which implies that C λ is F -split as we already saw. In other words if λ corresponds to a supersingular elliptic curve C λ , then ∆ Z must have div Z (t − λ) among its components.
Conversely, suppose that λ corresponds to an ordinary elliptic curve E λ . The generating map (ie the map corresponding to the dual of Frobenius) on the associated elliptic curve ψ :
is always the map induced by the pair (X, div X (t − λ)) on X as above. On the global sections of the elliptic curve, the map ψ sends units to units. This implies the map associated to (X, div X (t − λ)), when extended to X, has to send units to non-zero elements which restrict to units on E λ . Thus back on X, units must be sent to elements that are units near Z and the proof of the second proof Claim 3.3 is complete.
In conclusion, the F -different can exhibit some quite complicated behavior as in this case it picks out the supersingular elliptic curves.
4. First properties of F -pure centers and the F -different F -pure centers and log canonical places above them, can have very nice properties. Suppose that (X, ∆) is a sub-log canonical pair in characteristic p > 0 with (p e −1)(K X +∆) ∼ 0. Suppose further that π : X ′ − → X is a proper birational map from a normal variety X ′ and suppose that π * (K X + ∆) = K X ′ + ∆ X ′ . Suppose that E ⊆ X ′ is a prime (usually exceptional) divisor of discrepancy −1 dominating an integral subscheme W ⊆ X such that (X, ∆) is F -pure at the generic point of W , which implies that ∆ is effective at the generic point of W (and hence that W is an F -pure center and log canonical center). Let
be the map corresponding to ∆ and we abuse notation and, after fixing K X as an honest divisor, denote by φ : F e * K(X) − → K(X) the induced map on the fraction field. We use φ ∆ X ′ to be the map
which generically agrees with φ. We use φ E and φ W to be the maps induced by restricting φ ∆ X ′ and φ ∆ respectively to E and W as in Section 2.7.
Proposition 4.1. With notation as above, the map φ induces nonzero horizontal maps in the commutative diagram below.
Furthermore the vertical maps are simply induced by π E : E − → W .
Proof. We may assume that X = Spec R is affine and that W = V (I) = Spec R/I. We may also assume that ∆ ≥ 0. Choose an open affine neighborhood U ⊆ X ′ containing the generic point of E where ∆ X ′ | U ≥ 0 and (p e − 1)(
We may write U = Spec R ′ and E = V (J) = Spec(R ′ /J).
We then have a map α : R ֒→ R ′ with R ∩ J = I. Let φ R : F e * R − → R be the map obtained by taking global sections of φ ∆ . Now, since R and R ′ are birational, and we have ∆ X ′ | U ≥ 0, we obtain a map φ R ′ : F e * R ′ − → R ′ , corresponding to ∆ X ′ , such that the following diagram commutes:
Since E has discrepancy −1 in X ′ , i.e., coeff E ∆ X ′ = 1, we see that J is compatible with φ R ′ , and we already know that I is compatible with φ R , although it also follows from the diagram above. Since J ∩ R = I (since π(E) = W ), we have the induced diagram
Taking fields of fractions gives us exactly the claimed diagram.
We obtain the following corollary.
Corollary 4.2. With notation and assumptions as in and above Proposition 4.1, every element of K(E) which is algebraic over K(W ) is separable over K(W ), in particular 
is an extension of φ W and extends to φ E .
Rephrasing Proposition 4.1 in the non-local case, we obtain the following result.
Corollary 4.3. Suppose that (X, ∆) is a pair in characteristic p > 0 with (p e − 1)(K X + ∆) Cartier. Suppose further that π : X ′ − → X is a proper birational map from a normal variety X ′ and that π * (K X + ∆) = K X ′ + ∆ X ′ . Assume that E ⊆ X ′ is a normal prime exceptional divisor of discrepancy −1 dominating an integral subscheme W ⊆ X such that (X, ∆) is F -pure, and hence log canonical, at the generic point of W . Note that this implies that ∆ is effective at the generic point of W . Suppose that π| E : E − → W can be written as E ρ − → W ′ − → W where W ′ − → W is birational and W ′ is normal. Then there is a commutative diagram:
Here ∆ E is the different of K X ′ + ∆ X ′ along E and ∆ W ′ ,F -diff is the F -different of (X, ∆) along W ′ which maps to the the F -pure center W (recall that the F -different is a b-divisor by Definition 2.34 and Remark 2.35).
Proof. This is just a non-local rephrasing of Proposition 4.1. Note
by construction.
We immediately obtain the following.
Corollary 4.4. Suppose (X, ∆) is a pair such that K X + ∆ is Q-Cartier with index not divisible by p. If W ⊆ X is a log canonical center that is also an F -pure center of (X, ∆), then ∆ W,E,div ≤ ∆ W,F -diff as b-divisors (here E can be taken as any E − → W such that E has discrepancy −1). In other words, for any proper and birational W ′ − → W with W ′ normal and E − → W factoring through W ′ , we have that
Proof. We fix π E : E − → W factoring through W ′ , where E ⊆ X ′ is some normal prime divisor with discrepancy −1. We apply Corollary 4.3 and obtain the displayed diagram therein. But this implies that the hypotheses of Lemma 2.27 are satisfied. We notice that ∆ W ′ ,F -diff is induced by the map labeled φ W ′ in the same diagram. We conclude that ∆ W ′ ,div ≤ ∆ W ′ ,F -diff and also that ∆ W ′ ,div is an honest R-divisor by Lemma 2.27.
It would be natural to show that O W ⊆ π * O E is birational. Using standard results from the theory of Frobenius splittings, we can do that under the following situation.
3
Lemma 4.5. With notation and assumptions as in Corollary 4.3, assume additionally that the following holds:
(a) There is a neighborhood U ⊆ X of the generic point of W such that
Proof. We localize the entire setup at the generic point of W and hence work locally over the base. Our hypotheses in (a) can then be translated into assuming that X ′ is e-iterated Frobenius split compatibly with E. This implies that R 1 π * O X ′ (−E) = 0 by [BK05, 1.2.12 Theorem], see [MvdK92] . Hence π * O X ′ − → π * O E surjects. But we know π * O X ′ = O X since X is normal and so π * O E is a quotient of O X . Now certainly I W annihilates O E and so we have the factorization
The composition is surjective and hence O W − → π * O E is an isomorphism. Thus unlocalizing we conclude that O W ⊆ π * O E is birational as desired.
A canonical bundle formula and the local structure of the F -different
The first few results of this section work under the following notation and hypotheses.
Setting 5.1. Assume that π : E − → W is a proper dominant map between normal F -finite integral schemes of characteristic p > 0 and that
is a map corresponding to ∆ E (these maps are unique up to multiplication by units of Γ(E, O E ), which are the same as units of Γ(W, O W )).
We work locally on the base W , and hence assume that W is affine. Since the horizontal part of ∆ E is effective, we have a Cartier divisor
, and so we push down φ E by π and by the projection formula obtain: 
Proof. This follows from the construction of φ W in the proof of Theorem 5.2.
We can also work in the following more general setting without the effectivity hypothesis on ∆ E Corollary 5.4 (General canonical bundle formula). With notations as in Setting 5.1, suppose that φ E :
is a map corresponding to ∆ E that satisfies the following conditions:
Then there exists a canonically determined ∆ W (corresponding to φ W ) such that
Proof. The proof is the same as the last few lines of the proof of Theorem 5.2.
Remark 5.5. Note that in the setup of Corollary 5.4, if (E, ∆ E ) is globally sub-F -split relative to π, then (W, ∆ W ) is locally sub-F -pure, also compare with [MR85] .
Corollary 5.6. Suppose that V is an F -pure center of (X, ∆) that is also a log canonical center with E a normal divisor with discrepancy −1 (on some birational model π : X ′ − → X) mapping to V . Write K X ′ + ∆ X ′ = π * (K X + ∆) and set V ′ to be the normalization of V and form the Stein factorization E − → W h − → V ′ − → V (noting that W is normal since E is). Also suppose that ∆ E is the different of K X ′ + ∆ X ′ along E and that ∆ V ′ is the F -different of (X, ∆) along V ′ . Then ∆ E induces ∆ W by Corollary 5.4 and we have that
Proof. We notice that h : W − → V ′ is separable by Corollary 4.2 and furthermore, we have the restriction
from which we compute the F -different. It follows that the conditions of Corollary 5.4 hold and that the induced map φ W generically agrees with φ E | F e * K(W ) . Hence φ V ′ , which computes the F -different on V ′ , extends to φ W . This extension is unique and corresponds to h * ∆ V ′ − Ram W/V ′ by [ST14] .
We describe the structure of ∆ E via analogy with the usual different. In that setting Definition 2.25, the numbers c Q are defined by local sub-log canonicity. Here we instead require global sub-F -splitting. For each point Q ∈ W of codimension 1, set
is globally sub-F -split over a neighborhood of Q}.
Proof. Since W is normal, codimension 1 points of W correspond to Weil divisors. For each codimension 1 point Q ∈ W we set
is locally sub-F -pure in a neighborhood of Q}.
Note that b Q is defined using only the data (W, ∆ W ). Working locally near Q on W , where the stalk O W,Q is a DVR, we see that (W, λQ) is sub-F -pure in a neighborhood of Q if and only if λ ≤ 1. Hence we immediately see that:
The proof will then be completed by the following claim.
Claim 5.8. Suppose t is a rational number without p in its denominator. The following are equivalent:
is globally sub-F -split over a neighborhood of Q.
Proof of claim. We fix a Q and work on an affine neighborhood of Q where V (Q) is a Cartier divisor generated by a single element w ∈ O W . Choose e so that (p e − 1)t ∈ Z. Because we assumed that ∆ W was induced by ∆ E via Theorem 5.2, condition (a) says that
But by the projection formula this is the same condition that 1 is in the image of the map:
This proves the claim.
The claim proves the proposition.
Our next goal is to study ∆ W in terms of the structure of the fibers of E − → W . We work locally and now typically assume that W is the spectrum of a DVR and hence we identify O W with the line bundles L W = O W ((1 − p e )(K W + ∆ W )) studied earlier.
Lemma 5.9. Let π : E − → W be a proper dominant map between F -finite integral schemes with π * O E = O W such that W is the spectrum of a DVR, W = Spec A. Suppose that we have a nonzero map φ W : F e * O W − → K(W ) that extends to a map φ E : F e * O E − → K(E) via the inclusion K(W ) ⊆ K(E) and with corresponding ∆ W and ∆ E . Let B = b i B i = π * Q be the fiber over the closed point Q ∈ W .
Suppose that c = coeff
Proof. Let w ∈ A denote the local parameter for Q ∈ W . Since coeff Q (∆ W ) = c/b i is a rational number without p in the denominator, we observe that (W, ∆ W + (1 − c/b i )Q) = (W, Q) is F -pure and so (E, ∆ E + (1 − c/b i )B) is globally sub-F -split by Claim 5.8. We can choose ψ W and ψ E the corresponding maps. We then observe that the coefficient coeff
). This induces a map on b i B i as in Section 2.7 and by construction, its image contains 1 (both locally and globally). Working on an affine chart of B i , we see that b i B i must be reduced and so b i = 1. The rest of the result follows.
In the case that the fiber B is integral and ∆ E ≥ 0, the above lemma simply states that if the coefficient c = coeff B ∆ E is equal to the coefficient of B in ∆ W , then (B, ∆ B ) is F -split (where ∆ B is the different of ∆ E + (1 − c)B along B).
Lemma 5.10. Let π : E − → W be a proper dominant map between F -finite normal schemes with geometrically connected and reduced fibers, where W is the spectrum of a DVR, W = Spec A, and O W = π * O E . Suppose now that ∆ E is a Q-divisor on E satisfying the conditions of Corollary 5.4 and let ∆ W be the divisor on W induced from ∆ E . Write ∆ E = ∆ h E + ∆ v E a decomposition into the horizontal and vertical parts . Let π * Q = B ⊆ E denote the closed fiber and suppose that B is integral. Let φ B :
via the method of (2.33.1).
If φ B has 1 in its image on global sections
Proof. Let c = coeff Q (∆ W ) and let w ∈ A be the local parameter. Consider the map
by applying π * (note that the image really does lie in K(W ) since the image of π * φ ∆ E lies in K(W )). Let ∆ h W denote the corresponding divisor. Claim 5.11. With notation as above, ∆ h W ≥ 0. Proof of claim. It suffices to show that the image of ψ W is contained in O W . Certainly Image(ψ W ) = w n O W for some n ∈ Z where w is the local parameter of the DVR A. If n < 0, this implies that
) which forces B to be a component of the negative part of ∆ h E , see our construction in Section 2.1. The latter is impossible since ∆ h E is horizontal. This proves the claim. We return to the proof of Lemma 5.10. For any integer a, we notice that the induced map
induced from ψ W , corresponds to the divisor ∆ h W + a p e −1 Q, and is itself induced from
where G is some effective horizontal Weil divisor (supported where ∆ h E is not effective).
Notice also that the image of the global sections under φ ∆ h E +B lies in π −1 K(W ). Consider the following diagram induced as in Section 2.7:
The left vertical map is clearly surjective (since abstractly this is just F e * A = Γ(E, F e * O E ) − → Γ(B, F e * O B ) = F e * A/wA) and the bottom horizontal map has a global section mapping to 1 by hypothesis. Hence there exists a β = φ ∆ h E +B (α) ∈ Γ(E, O E (G)) with δ(β) = 1 ∈ Γ(B, K(B)).
) equals A and in particular contains 1.
Proof of claim. We already noted that the image is contained in K(A) = Γ(W, K(W )). It is also clearly an A-module. Since A is a DVR, we see that the image is equal to w n A for some n ∈ Z. It suffices to show that n = 0. First notice that the image of φ ∆ h E +B is contained in the image of ψ W which we already showed was contained inside A in Claim 5.11. Thus consider β ∈ Γ(E, O E (G)) (defined above with δ(β) = 1) as an element of A but also as an element of O E,η B ⊇ Γ(E, O E (G)) where η B is the generic point of B (we are just using the fact that global section become sections at stalks). The map δ of (5.11.1), at the stalk of η B , is induced by
Since δ(β) = 1, it follows that β / ∈ w · O E,η B ⊇ w · A. Thus β ∈ A is a unit. The claim follows.
We return to the proof of Lemma 5.10. The fact that the top horizontal map of (5.11.1) has 1 in its image forces (W, ∆ h W + Q) to be F -pure and hence that coeff Putting together Corollary 5.13 and Lemma 5.9 we obtain the following.
Corollary 5.14. Suppose π : E − → W is a flat proper dominant map between F -finite normal integral schemes with geometrically connected and normal fibers and ∆ E is a Qdivisor on E satisfying the conditions of Corollary 5.4. Let ∆ W be the divisor on W induced by ∆ E . Then the vertical components of ∆ E − π * ∆ φ W correspond to the fibers E t = π −1 t over codimension 1 points t ∈ W , such that (E t , ∆ Et ) is not sub-F -split where
Proof. We work at the stalk of t ∈ W which is a DVR. Then if the fiber (E t , ∆ Et ) is sub-Fsplit, we see that coeff Et (∆ E ) = coeff t (∆ W ) by Corollary 5.13. Conversely, if coeff Et (∆ E ) = coeff t (∆ W ) then (E t , ∆ Et ) is sub-F -split by Lemma 5.9.
This corollary completely matches our example before with the family of elliptic curves. In fact, especially if one starts in characteristic zero, one can frequently base change the family E − → W (log canonical place mapping to a log canonical center), followed by a birational transformation of E, so that the family obtained is exactly of the above type. Indeed, compare with [DH15, Lemma 4.7, Theorem 4.8]. We briefly discuss how to perform this procedure and explain how the results we have so far explained show how to keep track of the F -different as each step is being performed.
Algorithm 5.15. Suppose that π : E − → W is a proper dominant map between normal integral F -finite schemes with W 1-dimensional and ∆ E is a divisor on E such that if ∆ E = ∆ h E + ∆ v E is the decomposition into the vertical and horizontal parts, then
Finally suppose that ∆ E corresponds to φ E : Step 3 Now suppose that there exists E 3 birational to E 2 with E 2
. Suppose further that ∆ E 3 has effective horizontal part. Finally assume that the fibers of π 3 : E 3 − → W 2 are geometrically normal and integral (see [DH15] as mentioned above for cases when this can be arranged).
Note that φ E 2 and φ E 3 can be chosen to be the same map generically, and hence they induce the same map φ W 2 . In particular: We can at least compute the locus where ∆ W 2 differs from the vertical components of ∆ E 3 via Corollary 5.14. Proof. By replacing e with a larger number, we may also assume that (p e − 1)c ∈ Z. Write ∆ ′ − ∆ = t div(f ). Consider We refer to [HH06] for details of the reduction to characteristic p > 0 process.
Theorem 6.2. Let (X, ∆ ≥ 0) be a normal pair in characteristic zero with K X + ∆ QCartier, and W a normal LC-center of (X, ∆). Assume that the b-divisor K + ∆ div descends to W as a Q-Cartier divisor; in particular K W + ∆ W,div is Q-Cartier. We consider the behavior of (X p , ∆ p ) after reduction to characteristic p ≫ 0.
Assume the weak ordinarity conjecture [MS11] . Let Q ∈ W be a point which is not the generic point of W . Then there exists infinitely many primes p > 0 such that if ∆ Wp,F -diff ≥ (∆ W,div ) p is the F -different of (X p , ∆ p ) along W p , then ∆ Wp,F -diff = (∆ W,div ) p in a neighborhood of Q p . In other words, Q p is not contained in Supp(∆ Wp,F -diff − (∆ W,div ) p ).
Proof. Let I Q ⊆ O X be the ideal of Q in X. Let c Q denote the log canonical threshold of (W, ∆ W,div , (I Q · O W ) t ). By shrinking X, we may assume that this is the log canonical threshold at the generic point of Q. By inversion of adjunction [Hac14] , we see that (X, ∆, I t Q ) is log canonical at Q if and only if (W, ∆ W,div , (I Q · O W ) t ) is log canonical. We also fix a log canonical place E over Q in some model X ′ − → X.
We reduce this entire setup to characteristic p > 0. By the weak ordinarity conjecture and its corollaries we see that (X p , ∆ p , (I Qp ) c Q p ) is sharply F -pure and likewise that (W p , (∆ W,div ) p , (I Qp · O X ) c Q p ) is sharply F -pure for infinitely many p ≫ 0 [Tak13, Theorem 2.11]. In particular, c Q is then the F -pure threshold of those pairs as well.
Of course, the F -different satisfies ∆ Wp,F -diff ≥ ∆ Wp,Ep,div ≥ (∆ W,E,div ) p where the first inequality follows by Corollary 4.4 and the second follows from the fact that if something reduced from characteristic zero is log canonical in some p ≫ 0, then it is log canonical in characteristic zero.
6 Set B = ∆ Wp,F -diff − (∆ W,div ) p and suppose that B > 0 near Q in order to obtain a contradiction. Note that B is Q-Cartier since K Wp +∆ Wp,F -diff and K Wp +(∆ W,div ) p are both Q-Cartier. Simply apply Lemma 6.1 to conclude that (W p , ∆ Wp,F -diff , (I Q ·O W ) c Q ) is not sharply F -pure. On the other hand (W p , ∆ Wp,F -diff , (I Q · O W ) c Q ) is sharply F -pure by F -adjunction (see [Sch09] ), since (X p , ∆ p , I c Q Q ) is sharply F -pure. This yields a contradiction and the result follows.
The main content of the above result is that, assuming the weak ordinarity conjecture, the moduli part of the different on W ′ is somehow semi-ample (or at least has no fixed components) if we take the reduction to characteristic p > 0 procedure as a replacement for taking a general member of a linear system. This holds as long as the K + ∆ div descends to W as a Q-Cartier divisor.
Corollary 6.3. With notation and assumptions as in Theorem 6.2, in particular still assuming the weak ordinarity conjecture, we know that for every prime divisor D on W , there exists infinitely many p > 0 such that coeff Dp ∆ W,F -diff = coeff Dp (∆ W,div ) p .
Further questions
It would be nice to remove the descent hypothesis from Theorem 6.2.
Question 7.1. It would be natural to generalize Theorem 6.2 in the following way. Instead of simply fixing W , choose W ′ − → W over which K+ ∆ div descends. Then for each Q ∈ W ′ , we would like to show that the moduli part of the F -different, ∆ W ′ p ,F -diff − (∆ W ′ ,div ) p , does not pass through Q (recall that the F -different and the divisorial part of the different are both b-divisors). It seems to the authors that one main problem is that if c is the (sub)lct of (W ′ , ∆ W ′ ,div , I Q ), then we do not know that c is also the (sub)fpt of (W ′ p , (∆ W ′ ,div ) p , I Q ) after reduction to characteristic p > 0 since ∆ W ′ ,div is not necessarily effective (even assuming the weak ordinarity conjecture). See [Tak13] and notice that S. Takagi used a different definition of F -purity for pairs with non-effective divisors.
In this paper, we studied F -pure centers that are also log canonical centers. However, there can be F -pure centers that are not log canonical centers, consider the origin in [ST14, Example 7.12].
Question 7.2. Suppose that W ⊆ X is an F -pure center of a pair (X, ∆) but suppose that W is not a log canonical center. Is there a geometric interpretation of the F -different ∆ W ?
6 In fact, we can easily assume that ∆ Wp,Ep,div agrees with (∆ W,E,div )p wherever the latter is supported and over such Qp that there is a vertical divisor on the different on E mapping to Q, but we do not need this.
Note that frequently such centers occur when their is some wild ramification over a divisor E which dominates W . Perhaps in that case there is some way to use that to characterize ∆ W by considering an alteration instead of a birational map?
